The dynamics of the second order rational difference equation zn+1 = α + zn−1 βzn + zn−1 with the real parameter α, β and arbitrary non-negative real initial conditions is investigated a decade ago. In the present manuscript, the same has been revisited considering the parameters α and β as complex numbers and the initial values as arbitrary complex numbers. It is found that some of the results which are valid in real line but does not valid in complex plane. The chaotic solutions of the difference equation with complex parameters are achieved, however there does not exists such solutions in the case of real parameters.
Introduction and Background
Consider the second order rational difference equation z n+1 = α + z n−1 βz n + z n−1 , n = 0, 1, 2, . . .
where the parameters α, β and the initial conditions z −1 and z 0 are arbitrary complex numbers.
This rational difference equation Eq. (1) is studied considering the parameters α and β as real numbers and the initial conditions as non-negative real numbers in [1] , [2] , [3] & [4] . In this manuscript, it is an attempt to understand the dynamics in the complex plane. Alike work is done for other second order rational difference equations in [5] , [6] & [7] . Applications of such kind of dynamical systems have been studied in [8] & [9] .
Here, a very brief review of the difference equation Eq.(1) in real line is adumbrated [1] . The results are as follows:
• The equilibrium of the equation Eq.(1) is locally asymptotically stable when β < 1 + 4α and unstable and, more precisely, a saddle point equilibrium when β > 1 + 4α.
• Equation Eq.(1) has a prime period-two solution (φ and ψ) if and only if β > 1+4α. Furthermore, β > 1 + 4α holds, the period-two solution is unique and the values of φ and ψ are the positive roots of the quadratic equation t 2 − t + α β−1 = 0.
• Assume β ≤ 1 + 4α, then the equilibrium of Eq. (1) is a global attractor.
What is still an open problem in the real set up is as follows: Assume that β > 1 + 4α holds. Investigate the basin of attraction of the prime period two cycle [10] & [11] .
Here our main purpose is to study the dynamics of Eq. (1) under the condition that the parameters and the initial conditions are arbitrary complex numbers.
Local Asymptotic Stability of the Equilibriums
The equilibrium points of Eq.(1) are the solutions of the quadratic equation
The Eq.(1) has the two equilibria pointsz
respectively. The linearized equation of the rational difference equation Eq.(1) with respect to the equilibrium point
with associated characteristic equation
Lemma 2.1. The zeros of a quadratic polynomial λ 2 − rλ − s = 0 lie inside unit disk in C if |r| < |1 − s| < 2.
The following result gives the local asymptotic stability of the equilibriumz 1 of the Eq.(1).
of the Eq.(1) is locally asymptotically stable if
of the Eq.(1) is locally asymptotically stable if the modulus of the both zeros of the characteristic equation (3) are less than 1. By the Lemma 2.1, the condition for making the zeros lying inside the unit disk is
< 2 since β 1+β < 1 is obvious for any complex number β. Now if 1 + 1+2α+ √ 1+4α+4αβ 2α+2αβ < 2 then it is obvious that
. Therefore the condition boils down to
It is observed that the minimum value of the 1 + 1+2α+ √ 1+4α+4αβ 2α+2αβ is 1.66614 which is less than 2 when α = −0.82781 + 0.224354i (|α| < 1) and β = 0.492467 − 0.333602i (|β| < 1). This numerical observation makes a guarantee that there are parameters α and β in the unit disk such that the conditional inequality does hold good. Therefore existence of parameters is ensured for local asymptotic stability of the equilibrium of the difference equation Eq.(1).
The linearized equation of the rational difference equation Eq.(1) with respect to the equilibrium point
of the Eq. (1) is locally asymptotically stable if
Proof. Proof is similar to the proof of the Theorem 2.2.
It is found that the minimum value of the 1 +
is 0.834925 which is less than 2 when α = 0.04008 − 0.237697i (|α| < 1) and β = 0.598157 + 0.0345986i (|β| < 1). This observation ensures the existence of the parameters α and β in the unit disk such that the conditional inequality does hold good. Consequently, the existence of the local asymptotic stability of the equilibriumz 2 of the difference equation Eq.(1) is ensured. Lemma 2.4. A necessary and sufficient condition for one root of λ 2 − rλ − s = 0 to have modulus less than one and the other root to have modulus greater than one is |r| > |1 − s|.
In this case, λ is called a saddle-point equilibrium.
Theorem 2.5. The equilibriumz ± is unstable, more precisely a saddle point equilibrium if
Proof. The proof follows from the Lemma 2.4.
It is observed that the maximum value of the
is 0.959948 when α = 0.00794746 + 0.0120667i and β = 1.94598 + 7.32387i, that is
is holding well for α = 0.00794746 + 0.0120667i and β = 1.94598 + 7.32387i. This observation suggests that there are α and β such that the solution is unstable about the equilibriums. In Fig.1 , the trajectory plots for 20000, 50000 and 100000 iterations respectively are given. it is seen in the Fig. 1 that the trajectory plots are very unstable in nature in converging to the equilibrium 0.553877 − 0.051776i.
A Special case α = β
When the parameters α and β are equal, we shall see the local stability of the equilibriums.
The equilibriums of the Eq.(1) when α = β are 1 and α 1+α . It can be easily seen that the equilibrium 1 is locally asymptotically stable for all α.
The linearized equation of the rational difference equation Eq.(1) with respect to the equilibrium point α 1+α is
Theorem 2.6. The equilibriums α 1+α of the Eq. (1) where α = β is locally asymptotically stable if
Proof. The proof is very similar to the proof of the theorem Theorem 2.2. In the real parameters α and β, it is found that the equilibrium is unstable (saddle point) if |β| > |1 + 4α|. and the trajectory would be periodic of prime period 2 as stated in section 1.
But in the complex case, there exist complex parameters α and β with |β| > |1 + 4α| where the trajectory is convergent and converges to one of the equilibriums which is neither non-trivial prime period 2 solution nor unstable. This ensures that the result obtained in the real parameters is no more valid in the complex set up.
Unbounded Solutions
Here we shall investigate the unboundedness of the solution of the difference equation Eq.(1). To proceed, we would try start asking the following question.
Let
for all z n and z n−1 ∈ C with |z n | < and |z n−1 | < .
The answer to this question would confirm the parameters α and β such that the trajectory would be bounded. First let us assume that β = 0. Then we can choose |z n−1 | = β m and z n = − 1 m where m is so large that |z n | < and |z n−1 | < , then βz n + z n−1 = 0 so that the fraction becomes infinite. So β must be zero and the fraction reduced to 
Periodic of Solutions
A solution {z n } n of a rational difference equation is said to be globally periodic of period t if z n+t = z n for any given initial conditions. A solution {z n } n is said to be periodic with prime period p if p is the smallest positive integer having this property.
We shall look for the prime period two solutions of the difference equation Eq.(1) and its corresponding local stability analysis.
Prime Period Two Solutions
Let . . . , φ, ψ, φ, ψ, . . ., φ = ψ be a prime period two solution of the difference equation 
Let T be the map on C × C to itself defined by
Then φ ψ is a fixed point of T 2 , the second iterate of T .
where g(u, v) = . Clearly the two cycle is locally asymptotically stable when the eigenvalues of the Jacobian matrix J T 2 , evaluated at φ ψ lie inside the unit disk.
We have,
By the Linear Stability theorem, the prime period two solutions φ and ψ would be locally asymptotically stable if the condition (|χ| < 1 + |λ| < 2) holds well.
In particular, for the prime period 2 solution, φ → 0.5 − 0.5
, we shall see the local asymptotic stability for some example cases of parameters α and β. The general form of χ and λ would be very complected. Consider the prime period two solution of the difference equation Eq.(1), φ → 2 + 3i, ψ → 1 + 2i corresponding two the parameters α → 1 and β → 1 + i. In this case, |χ| = 0.00186987 and |λ| = 0.174209. Therefore the condition (0.00186987 < 1.174209 < 2) the prime period 2 solution φ → 1.30024 + 0.624811i, ψ → −0.300243 − 0.624811i is locally asymptotically stable.
Consider another example case where α = 51 + 8i and β = 26 + 80i. The prime period 2 solution of the Eq.(1) are φ = 1.01487 + 0.536364i and ψ = −0.0148677 − 0.536364i. Here |χ| = 0.00013967 and |λ| = 0.996087. Therefore the condition (0.00013967 < 1.996087 < 2) the prime period 2 solution φ = 1.01487 + 0.536364i and ψ = −0.0148677 − 0.536364i is locally asymptotically stable. The corresponding trajectory plot is given in Fig. 3 . In the case of real parameters α and β, it is an open problem to determine the basin of attraction of the prime period two cycle when β > 1 + 4α holds. In the complex parameters a computational study has been made in gathering the prime period two solutions which is given in the following Table 1 . Also the prime period two solutions of 52 different cases are plotted in the Fig. 4 . Table 1 .
When the parameters α and β such that |β| > |1 + 4α| holds, then the prime period two solutions are the zeros of the quadratic polynomial t 2 − t + 
Chaotic Solutions
This is something which is absolutely new feature of the dynamics of the difference equation Eq.(1) which did not arise in the real set up of the same difference equation. Computationally we have encountered some chaotic solutions of the difference equation Eq.(1) for some parameters α and β which are given in the following Table 2 .
In this present study, the largest Lyapunov exponent is calculated for a given solution of finite length numerically [12] to show the trajectories are chaotic.
From computational evidence, it is arguable that for complex parameters α and β which are stated in the following Table 2 The chaotic trajectory plots including corresponding complex plots of four examples whose parameters are given in Table 1 Table 1 .
In the Fig. 5 , for each of the four cases ten different initial values are taken and plotted in the left and in the right corresponding complex plots are given. From the Fig. 5 , it is evident that for the four different cases the basin of the chaotic attractor is neighbourhood of the centre (0, 0) of complex plane. In the Table 2 , a few example cases of chaotic trajectories are given where it is observed and noted that |β| < |1 + 4α| condition holds but in the case of real parameters α and β, β < 1 + 4α was the condition for local asymptotic stability of equilibrium. In this regard, a conjecture has been made. 
Future Endeavors
In continuation of the present work the study of the difference equation z n+1 = αn+zn−1 βnzn+zn−1 where α n , β n , are all convergent sequence of complex numbers and converges to α, β respectively is indeed would be very interesting and that we would like to pursue further. Also the most generalization of the present rational difference equation with delay terms is z n+1 = α + z n−l βz n−k + z n−l where l and k are delay terms and it demands similar analysis which we plan to pursue in near future. The similar technique can also be used to solve nonlinear coupled differential equations which arise in various engineering problems.
